Abstract. Positronium formation in the ground state and in a number of excited s states including the asymptotic case n +CO has been studied for the reaction e'+ H2 + Ps(ns) + H; in the molecular Jackson-Schiff approximation in the energy range 50-1000 eV. It is found that the molecular effects play a significant role in the case of Ps formation and a hydrogen molecule cannot be considered as a pair of independent hydrogen atoms at any energy. The excited-state formation cross sections satisfy an n-3 law approximately. It is also found that Ps formation involving the gerade transition of H; is the dominant process, although depending on the choice of molecular wavefunction there is a 10-28'/0 probability of Ps formation involving the ungerade transition.
Introduction
Since its discovery in 1951, there has been considerable interest in the study of positronium (Ps) formation in its ground state in various environments. Its significance lies not only in elucidating the properties of this uniquely light atom, but also in providing valuable information concerning the properties of matter in the solid, the liquid and the gaseous state. Attempts have also been made to study Ps formation in excited states (Verghese et a1 1974 , Canter et a1 1974a , b, Mills et a1 1975 . The importance of the study of positron interactions in gases was first emphasised by Massey and Mohr (1954) . They studied the formation of positronium in the process e'+H(ls)+Ps(ns)+H+ n = 1,2.
( l a ) The positronium atom may be formed in either the singlet (para-positronium) or the triplet state (ortho-positronium). In the absence of spin-dependent forces, the cross section for the formation of ortho-positronium is three times that for para-positronium. Massey and Mohr (1954) calculated the cross section for the process ( l a ) in the first Born approximation (FBA). Cheshire (1964) , Bransden and Jundi (1967) and most recently Si1 et al (1979) have also examined theoretically Ps formation in positronhydrogen-atom collisions. There are fewer studies, however, for Ps formation in the process: Sural and Mukherjee (1970) studied only ground state capture of an electron by positrons from molecular hydrogen in the FBA. They, however, used a Mulliken-type e++ Hz + Ps(ns) +H:.
(1b) 0022-3700/80/224509 + 11$01.50 @ 1980 The Institute of Physics A Ray, P P R a y and B CSaha approximation (Mulliken 1949) in order to express the FBA amplitude as a twodimensional integral which was evaluated numerically. For calculating cross sections for Ps formation in the ground state, Sural and Mukherjee (1970) made a further approximation by taking the average of the differential cross section over three mutually perpendicular positions of the internuclear axis only, instead of taking this average over its all possible orientations.
Since the problem (16) is a many-body process, we cannot expect an exact solution of the relevant Schrodinger equation. Hence there arises the need for suitable approximate methods. The FBA is one such approximation that has been widely used to study a variety of physical processes with considerable success. This is, however, a questionable approximation for rearrangement processes. The convergence difficulties in this case are well known (Aaron et a1 1961) . However one often has to resort to the FBA for rearrangement processes simply because it provides at least some useful estimates of the cross sections in the absence of a better approximation. Since no other calculation exists for the excited-state formation of positronium from reaction (16) and since it does not seem feasible at this time to use a more sophisticated and realistic approximation, particularly for the study of capture in the highly excited states, we have also resorted to the FBA for the study of reaction (16). Because of the multi-centred nature of the problem (lb), however, even the FBA studies are difficult. This is apparent from the work of Sural and Mukherjee (1970) , who had to make further approximations in the FBA as already mentioned. Instead of following Sural and Mukherjee's approach, which involves a two-dimensional integral to be evaluated numerically, we have neglected certain terms in the FBA and used what may be called the molecular Jackson-Schiff (MJS) approximation involving only a one-dimensional integral. As we shall see in what follows, the cross sections for Ps formation in any excited as state including n + 03 for both the gerade and ungerade transitions of H i can be calculated very easily using the MJS approximation. It may be noted that the MJS approximation has also been used earlier in the study of charge transfer in proton-hydrogen-molecule collisions (Tuan and Gerjuoy 1960, Ray and . A preliminary version of this work for the incident energy range 50-1000 eV has already been reported (Ray et a1 1979) .
Atomic units are used unless otherwise stated.
Theory
Let RI and Rz be the position vectors of the incident positron (P) and the positronium atom respectively relative to the centre of mass of the molecule consisting of two protons A and B and two electrons 1 and 2. Let rl and r~ be the position vectors of electrons 1 and 2 relative to protons A and B respectively. r3 is the position vector of electron 1 relative to the positron P. p gives the internuclear distance. For the process ( l b ) , the differential cross section in the FBA for Ps formation, averaged over all orientations of the internuclear axis p , may be written as where pi = 1 and ,uf = 2 are the initial and final reduced masses. ki is the initial momentum of the positron and kr the momentum of the Ps obtained from the energy conservation relation: where J In the above Zr is the effective charge of the molecular ion. The plus sign in the superscript of N I refers to the gerade state of the molecular ion, while the minus sign to its ungerade state.
Using the wavefunctions given by equations (6) and (7) and zhe interaction V, given by equation (4), the capture amplitude for a particular orientation of the molecule may be expressed as (Sural and Mukherjee 1970, Ray and (8)
where A Ray, P P R a y and B C Saha c
I
The first term TI in equation (8) arises due to the capture of electron 1 by the incident positron by virtue of the interaction VlP. Thus Tl may be called the molecular Brinkman-Kramers (MBK) amplitude in analogy with the atomic case. The positronproton interactions (Vap+ VBP) give rise to two terms T 2 and T3. Though it is not strictly possible to identify which proton binds electron 1, we may think of T2 as arising due to the interaction between the incident positron and the proton to which the electron 1 is bound. ( Tl + T,) may, therefore, be interpreted as the molecular JacksonSchiff (MJS) amplitude in analogy with the atomic JS matrix elements (Jackson and Schiff 1953) . The third and fourth terms T3 and T4 together may be thought of as representing capture of electron 1 from one of the atoms as a result of the interaction between the incoming positron and the other atom. Calculations of the differential cross sections involving the expressions T3 and T4 would require the numerical evaluation of four dimensional integrals. For a particular orientation of the molecule, T3 and T4 each can be reduced to a two-dimensional integral. Two more dimensions come when we attempt to take the orientation average. By making further approximations, Sural and Mukherjee (1970) reduced these four-dimensional integrals into two-dimensional ones in order to include these terms T3 and T4 in their calculations for the ground state formation of Ps. Although it is possible in principle to calculate cross sections involving T3 and T4 numerically, the simplicity and ease with which these cross sections can be calculated are then completely lost. Furthermore, as we have already pointed out in § 1, even the FBA is a questionable approximation for processes like the reaction (lb). Thus in our calculations we shall neglect T3 and T4 on the practical grounds of theoretical simplicity and computational ease. As we shall see in § 5.2, the neglect of these terms T3 and T4 is not unjustified, particularly in the high-energy region.
The molecular Jackson-Schiff differential cross section dcrMJs/dn for positronium formation in the excited s states can then be obtained from equation (2) 
Evaluation of the integrals Ino0 and Jno0
For the evaluation of these integrals we use a contour integral representation of the Laguerre polynomial and write the positronium wavefunction as where A, = 0.5/n and the contour C1 includes the point x = 1. Using the wavefunction (20) and taking the Fourier transforms of exp(-ZMrl) and exp(-A,xr3)/r3, Ifloo may be expressed as
The contour C1 encloses only the singularity at x = l-a pole of order n. The integrand has also two simple poles at x = *iP/A,,. Ifloo is therefore easily evaluated by taking an infinitely large contour enclosing all the singularities and then applying the residue theorem. The result is If we do so, we are left with a contour integral which is difficult to evaluate numerically. Instead, if we reduce this three-dimensional integral to a one-dimensional iiitegral according to the prescriptions of Lewis (1956) , the contour integral can easily be performed. Following this procedure we get, 1 (26)
The contour integral in equation (26) may be easily evaluated in the same manner as is done in the case of equation (21). Thus we obtain where
Now, limn-,m A = exp(l/Z). We have, therefore,
Numerical calculations
The differential cross sections are calculated from equation (18) in conjunction with equations (22) and (28) for finite n and equations (24) and (29) Figure 1 gives the plot of lg duMJS/dn against scattering angle 8 for both the gerade and ungerade transitions of H l at the impact energy E = 5 0 0 e V for the formation of ground state Ps. The differential cross sections for both the gerade and ungerade transitions fall off very rapidly from the peak value in the forward direction and become zero at 8 = 23". Beyond this scattering angle the cross sections rise again and then fall off smoothly. It is quite evident from figure 1 that the ungerade cross sections are at least an order of magnitude less than that for gerade transitions. Although we have not plotted the results for other impact energies, the same features are noted for the cross sections except for the fact that for higher energies the zeros shift towards 8 = 0" and for lower energies the zeros move away from the forward direction. differential cross sections occurs because of the cancellation of contributions arising from the electron-positron and proton-positron interactions. The zero in the differential cross section has also been reported in the FBA calculations of positronium formation from atomic hydrogen (Si1 et a1 1979) . The differential cross sections for other excited states show approximately n-3 behaviour. As a matter of fact if we plot lg(n3 dcMJS/dfl) for other n values on the same figure 1, they are almost coincident with the values for n = 1.
Results

Differential cross sections
Integrated cross sections
We denote the total MJS cross sections for the gerade and ungerade transitions of H i by ahJs and vLJS respectively. We have calculated (+RJs and (+LJs for positronium formation in the ground state and in a number of excited s states in the energy range 50-1000eV. Figure 2 shows the general behaviour of n 3 v h J s and f13&JS for Ps formation with the variation of incident energy for n = 1 and n + W . In table 1 we record our calculated values of ehJs and vLJs together with the available values of the cross section for the gerade transition exM calculated by Sural and Mukherjee (1970) for Ps formation in the ground state. It may be noted that Sural and Mukherjee (1970) gave the cross sections for para-positronium formation leaving the molecular ion in the gerade state in units of a i . We have therefore multiplied their values by an appropriate factor (4/7~) to obtain for comparison with our IT&. In the energy range considered in table 1, e 8~ has values slightly larger than those of &JS, but a trend is noticeable. For instance, as the energy increases, the difference between (T& and rRJs gradually decreases from about 20% at 50 eV to about 6% at 400 eV. It is quite likely, therefore, that as the energy increases further, uRJS becomes approximately equal to (T&. Besides, it may be added here that each of these approximations-the MJS and that used by Sural and Mukherjee (1970) -can be relied upon only at high incident energy. Thus comparing our results with those of Sural and Mukherjee (1970) it seems that the contributions from the terms T3 and T4 (equations (11) and ( 1 2 ) ) are not important. Therefore T3 and T4 may be neglected in favour of the simpler MJS approximation.
We tabulate the values of n 3 4 & for excited s states (n = 2 , 3 and 00) in table 2. A glance at this table shows that with the increase of n, the n 3 cross sections for excited-state formation of Ps tend to a constant in a regular manner at each incident energy. The values of n3aRJs at n = 16 (not included in table 2), for example, are quite close to the corresponding asymptotic values (n + 00) at all energies. Thus the Ps formation cross section in excited s states obeys the inverse n 3 law throughout the energy range considered. This has also been noted in the case of Ps formation from hydrogen atoms (Si1 et a1 1979) .
Taking the available values of the cross section ( V A J S ) for Ps formation in e+-H collisions from Si1 et a1 (1979) we have also calculated the ratio &Js/2(TAJs at various energies and also for various n. We present some of the values of this ratio in table 3 in order to test whether a hydrogen molecule may be considered as a pair of independent hydrogen atoms when considering positronium formation. It is quite evident from table 3 that no value of this cross section ratio is unity for any n. Furthermore, this ratio is energy dependent for a fixed n. This variation with energy may be attributed to the interference between the two capture amplitudes from the two atomic centres in the molecule. Thus for formation of excited-state Ps, a hydrogen molecule cannot be regarded as a pair of independent hydrogen atoms-a conclusion in agreement with the ground-state calculations of Sural and Mukherjee (1970) .
In table 4 we record some of the results of our calculations of the n 3 cross sections for the ungerade transition of the molecular ion. As we have already mentioned, these cross sections ahJs have been calculated with the use-of the Weinbaum wavefunction for the hydrogen molecule. In this case we also find that abJs falls off monotonically with energy. For a given energy, qbJS satisfies an approximately n-3 law as n increases.
In order to study the effect of a different molecular wavefunction on the cross sections for Ps formation, we have also used the Wang wavefunction (Wang 1928) for As we have already noted from a study of tables 1, 2 and 4 and figure 2, this ratio shows us explicitly that Ps formation involving the gerade transition is the most important process.
Conclusion
The molecular Jackson-Schiff (MJS) approximation employed above enables us to study very easily Ps formation in excited states including the asymptotic case n +CO involving both the gerade and the ungerade transitions of the molecular ion. The main conclusions of this work are listed below.
(i) For Ps formation, whether in the ground state or in any excited state, a hydrogen molecule cannot be regarded as a pair of independent atoms at any incident energy.
(ii) Cross sections for Ps formation in the excited s states satisfy an approximately n law at a fixed energy for both the gerade and ingerade transitions of Hi.
(iii) Ps formation involving the gerade transition is the most important process although, depending on the choice of molecular wavefunction, there is a 10-28% chance of Ps formation involving the ungerade transition.
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